FINITE GROUPS ADMITTING A FIXED-POINT-FREE
AUTOMORPHISM OF ORDER 4.* By DANIEL GORENSTEIN and I. N. HERSTEIN. Recently, in a remarkable piece of work [4, 5] John Thompson has proved a result which implies as an immediate corollary the well-known Frobenius conjecture, namely that a finite group admitting a fixed-point-free automorphism (i. e., leaving only the identity element fixed) of prime order must be nilpotent. However, non-nilpotent groups are known which admit fixedpoint-free automorphisms of composite order. In all these cases one notices that the groups in question are solvable. Although the sample is rather restricted, it is not too unnatural to ask whether the condition that a finite group admit such an automorphism is strong enough to force solvability of the group. This question is related to another problem, which seems. equally difficult, which asks whether a finite group containing a cyclic subgroup which is its own normalizer must be composite.
In the present paper we shall prove that a group G possessiilg a fixedpoint-f ree automorphism of order 4 is solvable. Although many of the ideas used carry over to the case in which 4 has order pq, and especially 2q, our key lemmas use the fact that 4 has order 4 in a crucial way.
The proof depends upon a theorem of Philip Ilall which asserts that a finite group G is solvable if for every factorization of o(G) into relatively prime numbers m and n, G contains a subgroup of order m. We show (Lemma 7) that a group G which has a fixed-point-free automorphism of order 4 satisfies the conditions of H all's theorem.
Once we k-now that G is solvable it is not difficult to prove that its commutator subgroup is nilpotent (Theorem 2). This -fact was also observed by Thompson. Graham Higman has shown [3] that there is a bound to the class of a p-group P which possesses an automorphism p of prime order q without fixedpoints. This does not carry over to automorphisms of composite order, for at the end of the paper we give an example due to Thompson of a family of p-groups of arbitrary high class each of which admits a fixed-point-free automorphism of order 4.
1. We begin by recalling a few well-known elementary results concerning a finite group G which admits a fixed-point-free automorphism (p of order n and in particular when n =-4. First of all, for any prime p I o (G) there is a unique p-Sylow subgroup P of G which is invariant under (. We shall call P the canonical p-Sylow subgroup of G (with respect to (p). Furthermore, for any x in G we have the relation X(p(x)p2(x) ..(pn-(x) -1. If n =-4, each orbit under (p except for that consisting of the identity contains either 2 or 4 elements, hence G is necessarily of odd order. The set of elements of G left fixed by (p2 is a (p-invariant subgroup of G, which we denote by F. If F = 1, the restriction of (p to F is an automorphism of F of order 2 without non-trivial fixed elements. This implies that F is Abelian and that ( (f) = f-' for all f in F. Finally, we shall denote by I the set of all h in G for which (p2(h) -h-. It is worth observing that I need not be a subgroup of G.
Throughout the paper G will denote a finite group having a fixed-pointfree automorphism p of order 4, F will denote the subgroup left elementwise fixed by 02 and I the subset consisting of those elements of G which are mapped into their inverses by (p2. To complete the proof, it will clearly suffice to show that distinlct elements of I lie in distinct right (or left) cosets of F. If h2 = fh,, h,, h2 C I, f E F, it follows by applying (2 that h2-1 = fhj-1. Combining this with the previous relation gives hr-lfhl = f-1. Since G is of odd order, this forces f = 1 and hence h, = h2. Similarly, we show that h2 = h1f implies hi = h2. Proof. Suppose xf1X'-=-f2. Since F is Abelian, we may assume without loss, in view of Lemma 1, that x C I. Applying (2 gives Xlf1x = f2, whence x2 centralizes f. Since G is of odd order, x centralizes fl, and consequently f== f2.
As an immediate corollary, we obtain LEMMA 3. Any subgroup of F is in the center of its normalizer. LEMMA 
If h C I, h commutes with (p(h).
Proof. This lemma follows at once from the relations h4)(h)42(h)4)3(h) = 1 and (p2 (h) == h-'. LEMMA 5. For any p Io(G), F normalizes the canonical p-Sylow subgroup P of G.
Proof. If Fn P-1, 02 is an automorphism of P of order 2 without non-trivial fixed elements, whence +p2(x) x-1 for all x C P. Thus P C I. Let f C F and consider P' = pf-1. If y -fxf-1, with x C p, 42 (y) = fx-if-i _ y= l which implies that P' C I.
Suppose P'yLP; choose y in P' and not in P. The subgroup generated by y and its image under 4) is +)-invariant and, since y C I, it follows from the preceding lemma that this subgroup is a p-group. Let P1 be a maximal 4)-invariant p-group containiing y. If P1 were not a p-Sylow subgroup of G, the unique (p-invariant p-Sylow subgroup P2 of N (F1) would have order greater than 0(P1) and would contain P1 and consequently y. Since this would contradict our choice of P1, P1 must be a p-Sylow subgroup of G. Since P is the only +-invariant p-Sylow subgroup of G, P1=P, which is impossible since y C P1, y g P. We conclude that P' = fPf-1 = P. Since f was arbitrary, F C NG (P).
Suppose, on the other hand, that F n P 4 1. In this case we shall prove the lemma by induction on o (G). Since F is Abelian, F n P is a 4-invariant p-group which is inormalized by F. If P1 is a maximal +-invariant p-group which is normalized by F, it follows first of all as in the preceding paragraph that P1 C P. Suppose P1 < P. We must have NG (P1) = G, for otherwise by induction F normalizes the unique +)-invariant p-Sylow subgroup P2 of NG(P1) and o(P2) > o(P1). Thus P1 < G. Set G GU/P1 and let + be the image of 4 on 6. ? has no non-trivial fixed elements and is of order 2 or 4. If P, P denote the images of P, F in 6, it follows by induction (or from the fact that 6 is Abelian in the case 12= ) that P, C N-(P). Thus F C NG(P). which, being an inltersection of subgroups, is a subgroup.
Lemma 7 leads at once to our main result. THEOREM 1. If G is a finite group admitting an automorph ism of order 4 leaving only the identity element of G fixed, then G is solvable.
Proof. It follows from Lemma 7 that for any factorization of o(G) into the product of relatively prime numbers m and n, G contains a subgroup of order m. By a theorem of Philip Hall ([2], Theorem 9.3.3, p. 144), this implies that G is solvable.
2. We shall now examine the structure of G more closely, For our main result we need several lemmas. The holomorph of ( and M1 is represented irreducibly on 11 regarded as a vector space over the prime field KP with p elements. Let H* be the corresponding vector space over the algebraic closure K*P of KP. If M does not centralize 11, it follows from Lemma 3. 1 of [1] that with respect to a suitable basis of 1H* the matrix of ( assumes the form with bi C K*p. Since (p4= 1, (pi4 =-1 and hence b* 1 for all i. But this means that 1 is a characteristic root of P and hence that P leaves some element of 1H other than the identity fixed. This contradiction forces M1 to centralize H, and consequently G =1H X M, as asserted. for some x'E K. Applying 02 gives y-lzxz-ly = x'. Since K is abelian we easily conclude that y2 and consequently y centralizes x. Hence K is in the center of 31.
As in the previous lemma we may assume without loss of generality that Proof. Since G is solvable by Theorem 1, the statement of the lemma is meaningful. The proof will be by induction on o(G). Let M be the maximal normal subgroup of G of order prime to p, and assume first that M31 1. M is p-invariant since it is characteristic in G. Let + be the image of (p on G G/IM. If 02 =1 on G, G is Abelian. If + has order 4 on G, it follows by induction that G has p-length 1 and hence that a p-Sylow subgroup P of 6 is normal in (7. In either case we conclude that G has p-length 1. We may therefore suppose that M3= 1.
Let P1 be the maximal normal p-group of G and consequently (-invariant. Let P be the canonical p-Sylow subgroup of G and P its image in G== G/P1. If k is the maximal normal subgroup of G of order prime to p, it follows by induction that the image of P in G/K is normal in G/K whence PK < G. If PK < G, its inverse image Go < G, and hence by induction has p-length 1.
Since P1 contains its own centralizer in G ( [2] , Theorem 18. 4. 4, p. 332), Go contains no non-trivial normal subgroups of order prime to p and hence P < Go. But then P < Pk, and since P is characteristic in Pk, we conclude that P <J G, whence P < G.
We may therefore assume that G 5PE. The inverse image G1 of K is of the form P1K, where K has order prime to p. Since G1 is solvable, any two subgroups of G1 of order o (K) are conjugate ( [2] , Theorem 9. 3. 1, p. 141). One can now show by the same argument which proves the existence of canonical p-Sylow subgroups that there exists a unique conjugate of K in G, which is invariant under k. Without loss we may assume K itself is +-invariant. Since CG,o(P1) C P1, the previous lemma implies that K C F. But then by the argument of the first paragraph of the lemma k is in the center of G, whence P 1 a and P <1 G. We may therefore suppose that G contains a unique minimal normal +-invariant subgroup N1. N1 is a p-group for some prime p and G contains no non-trivial normal subgroups of order prime to p. Since G has p-length 1 by Lemma 10, a p-Sylow subgroup P of G is normal in G. Now CG (P) < G and CG (P) = Z (P) X K, where K has order prime to p. Since K is characteristic in CG (P), K is normal in G, whence K = 1 and Ca (P) C P. Furthermore, G = PM for some subgroup M of G, and we may assume M is invariant under 4. Since (o (P), o (M) ) = 1, we can apply Lemma 9 to conclude that M C F. Thus Mll is Abelian, and consequently [G, G] C P is nilpotent.
We define an automorphism 0 of P by setting 0(y) = y1, 0 (xt) = xta. For 0 to be an automorphism, its value on xi must be such that ( ** ) ~~~~~y-l0 (xi) y =-0 (Xi) 0 (xi,, ).
Assume 0 has been defined on xj for j > i and that 0(xj) is in the subgroup generated by xj, xj,+, , xt. We shall show that 0 (xi) can be defined satisfying (**) and subject to the restriction 0 (xi) = XaXi+1ai+.
. Xtat.
It
follows at once from (**) that we have X,+1-aiXi+2-ai+i. . xt-at-1=y0(xi'+)y-l.
Since these relations have a solution for as, ai+, 
